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Abstract 
Denes, J. and G.L. Mullen, Enumeration formulas for latin and frequency squares, Discrete 
Mathematics 111 (1993) 1577163. 
1. Introduction 
There have been numerous attempts [3, 5-9, 121 to enumerate latin squares of 
order n. Inspite of the many attempts, the number of latin squares of order II is known 
only for ~69 and, of these values, those for n= 8 and 9 have been determined by 
machine, see [4, Section 4.31. 
If the very difficult machinery of MacMahon [9911] is replaced by graph factori- 
zation techniques, one can see that much of the enumeration theory of latin squares 
and rectangles goes back to MacMahon. In the present paper we relate the number of 
latin squares to the cardinalities of isotopy classes of frequency squares (called 
quasi-latin squares by MacMahon). While this idea was observed by MacMahon [9], 
we attempt to state it in more up-to-date notation and terminology. 
D&es and Keedwell [S, 61 attempted to enumerate frequency squares by putting 
I-factorizations together, but in order to enumerate latin squares, one might go in the 
other direction and study isotopy classes of frequency squares which can, by Theorem 
3.1, be used to enumerate latin squares. Theorem 3.1, thus, provides another formula 
for the number of latin squares of order n. 
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2. Frequency squares 
An F(n;& , . . ., A,) frequency square is an n x n array consisting of the numbers 
12 , , . . . , m with the property that for each i= 1 , . . ..m. the number i occurs exactly 
li times in each row and in each column. MacMahon [9] called such squares 
quasi-latin squares. Clearly, n = A1 + ... + 2, and an F(n; 1, . . . , 1) frequency square is 
a latin square. A frequency square is said to be reduced if in both row one and column 
one the number 1 occurs in the first A1 positions, 2 occurs in the next & positions, and, 
continuing in this manner, the number m occurs in the last Am positions. As basically 
indicated in [9] and rediscovered in [2], the following result shows that for purposes 
of enumeration, it is sufficient to enumerate the reduced frequency squares. 
Theorem 2.1. Let F((n;A1, . . . . n,,,) and f(n; AI, . . . , &,) represent the total number and 
the number of reduced frequency squares of order n, with frequency vector (A,, . . . , A,,,). 
Then 
where (A,,.“,,n,) is the multinomial coeficient equal to n!/(&! ... A,!). 
In [2] the numbers f(n;/lI, . . . . &,,) were determined for all n<6. Moreover, 
F((n;n-l,l)=n! and, in general,F(n;n-k,l,...,l)isequal to thenumber ofkxn 
(k < n) latin rectangles, which is known in terms of n for k,<4. Clearly, the total 
number L,=P(n; 1, . . . . 1) of latin squares of order n is related to the number 
2, =f(n; 1, . . . , 1) of reduced latin squares of order n by L, = n!(n- l)! 1, and, as in- 
dicated in [4, p. 1443, 1, is unknown if n>9. 
We say that two frequency squares F, and F2 are isotopic if there exist permutations 
gr, gc and cr# so that F2 can be obtained from F1 by applying CT~ to the rows of F, and 
then successively applying gc to the columns and cr# to the numbers of each resulting 
square. If G = G, x G, x G # is the group of all isotopies of F(n; AI, . . . , A,) squares then, 
asshownin [2], IGl=(n!)*n~=,(k,)!, wheren=k,~~,+...+k,E,,, with k,+...+k,=m. 
Moreover, in [2] the numbers of distinct isotopy classes were determined for all n < 6 
except for the case where n = 6 and A1 d 2. In addition, class representatives were given 
in [2]. A similar classification for latin squares of order n<6 is given in [4, 
pp. 129-1371. 
3. Frequency squares and latin square enumeration 
We now present a formula which relates the number of latin squares of order n to 
the cardinalities of the isotopy classes of reduced frequency squares. By a l-factori- 
zation of an F(n;iI, . . . . A,) frequency square F is meant a set of frequency squares 
F 1, . . . . F, such that F = F1 + ... + F,, where the first 11-i squares are F(n;n- 1, 1) 
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squares based on 0 and 1, the next A2 squares are F(n; TI - 1,1) squares based on 0 and 
2, and, continuing, the last A,,, squares are F(n; n - 1,1) squares based on 0 and m. Such 
1-factorizations and their applications to latin square enumeration theory were 
studied by MacMahon [9] and later by D&es and Keedwell [S, 61. 
For example, a l-factorization of the latin square 
123 
231 
312 
is 
100 020 003 
001 + 200 + 030. 
010 002 300 
Moreover, if F is the F(4; 2,2) square 
1122 
1122 
2211 
2211 
then F can be factored into 1-factorizations in 16 different unordered ways. We may 
now prove the following theorem. 
Theorem 3.1. Let n = A1 + ... + A,,, be a partition of n. Then 
=n!(n-l)!l,, (2) 
where k is the number of distinct isotopy classes of F(n; AI, . . , A,) frequency squares; for 
i=l , . . ..k b”‘(n.l , 1, . . . . A,,,) is the number of reduced F(n;l,, . . . . A,,,) squares in the ith 
isotopy c$ss, and rCi’(n. 1 , e1, . . . . i,) is the number of unordered 1-factorizations of 
a reduced F(n;A1, . . . . I$,,) square from the ith isotopy class. 
Proof. We first note that if two reduced frequency squares are isotopic, they have the 
same number of unordered 1-factorizations. We know that the number of latin 
squares of order n is equal to the number of 1-factorizations of K,, the complete graph 
with n vertices. Let us observe that a frequency square with frequency vector 
(A,, . . . , A,) can be considered as a factorization of K, with factors (iI, . . , A,), respec- 
tively. Consequently, if one takes the number of frequency squares in an isotopy class 
and multiplies it with the number of 1-factorizations which they represent and sums 
these over all isotopy classes, one obtains the number B of latin squares which one can 
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obtain from reduced frequency squares with the frequency vector (1,) . . , A,,,). Conse- 
quently, if 
4=(il,.n,l.)(i,l:4f . ..) A.) 
is the number of frequency squares obtainable from a given reduced frequency square, 
then AB represents the total number of latin squares, where B is the number 
represented by the sum in (2). It is easy to check and well known that the total number 
of latin squares of order n is given by the right-hand side of (2). 
Remark. We note that if n = 1.i + ... + 1, then 
fh4, ..., A,)= i: b(‘)(n;l.,, .. ..A.) 
i=l 
and if we consider the partition n = (n - 1) + 1 then k = 1 and all F(n; n - 1,1) squares 
are isotopic, so that b”‘(n;n-1, l)=(n-2)! and r(‘)(n;n- 1, l)=(n- 1)!1,. 
For several special cases, one can simplify Theorem 3.1 to a somewhat more 
manageable form. Bailey [l] gave the following result and proof.’ An F(n; n-2,1,1) 
frequency square is equivalent to an ordered pair of permutations (A g) of (1, . . . , n} 
such that fg- ’ is fixed-point-free. Here f(i) =j if 1 is in column j of row i. We similarly 
define g using the number 2. There are n! choices for f; and, given an f; there are 
d, choices for g, where d, is the number of derangements of { 1, . . . . n}. Hence, 
F(n;n-2,1,l)=n!d,, where d,=n!(1/2!- l/3!+ ... +(-l)“/n!). Moreover, two such 
frequency squares are isotopic if and only if fg- ’ is conjugate to hk- ’ in S,, the 
symmetric group on n symbols. Thus, the isotopy classes of F(n; n-2,1,1) squares 
have the same cardinalities as the conjugacy classes in S, multiplied by n!. The 
formula for d, and its relation to latin rectangles with two rows was known to Cayley 
(see [3] and [4, p. 1391). 
In the case of F(n; n - 2,2) squares Bailey [l] also gave the following argument. Let 
M, denote the set of all partitions of n with each part at least 2. An F(n; n - 2,2) square 
is equivalent to a 2-valent bipartite graph on 2n vertices. The two sets of vertices are 
the sets R and C of rows and columns with row i being joined by an edge to columnj if 
and only if 1 occurs in row i and column j. If K, , . . . , K, are the connected components 
of the graph, then K, nR, . . . . K, n R form a partition of R. Let ,u be the type of this 
partition. Then K 1 n C, . . . , K, n C form a partition of C of the same type p. 
There are n!/(nr= l(i!))pipi! partitions of R and, of course, the same number of C. 
There are JJf= l(~i!) ways of matching the subsets in the two partitions so that each 
subset is matched to one of the same cardinality; moreover, the number of ways of 
1 The authors are indebted to R. Bailey for this. 
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combining them into a circuit is (i!)*/2i. Hence, 
from which we have the following corollary. 
Corollary 3.2. 
(3) 
As a result of (3), we can write down the following formula for the number of latin 
squares of order n. 
Corollary 3.3. For each n 
where 1 &I,, is the number of partitions of n with each part at least 2, whose generating 
function is given by ~km_l(l-qk+l)-l. 
As an illustration, if we consider F(4; 2,2) squares, as indicated in [2, Tables 2 and 
31, there are two isotopy classes. Using the class representatives 
and 
1122 
1122 
2211 
2211 
1122 
1212 
2211’ 
2121 
(4) becomes 
(242)( 1’2) 
(16.1+4.4)=4!3!4. 
Equation (4) has been used to verify the correctness of the values given in Denes and 
Keedwell [4, p. 1441 for the number of latin squares of order n <6. For the first 
unknown value, namely n= 10, while it would be easy to obtain the 12 isotopy class 
representatives of F(lO; 8,2) squares, the amount of computation required to obtain 
the corresponding rCu) (10; 8,2) values, unfortunately, appears to be well beyond 
present-day computing capacity. Monte Carlo simulation may be a reasonable way to 
handle the problem, at least for a good estimate. 
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Using an argument similar to that in [S], we now prove the following result, which 
generalizes Lemma 1.2 of [S]. 
Theorem 3.4. The total number P(n; iI, . . . , A,) of F(n; AI, . . . , A,,,) frequency squares of 
order n is equal to the number of ways in which the n x n matrix J, all of whose entries 
are l’s can be expressed as an unordered sum of m O-l matrices F1 + ... + F,,,, where Fj is 
an F(n; n- ~j, Lj) O-l matrix. 
Proof. Each frequency square is assigned one of the symbols 1, . . . , m and it defines the 
set of cells of the corresponding frequency square in which that symbol is to appear. 
Each ordered decomposition of J, gives rise to (I,, .y., ;L,) different frequency squares. If 
the decompositions of J, are unordered but the symbols of the frequency square are 
assigned to the matrices, we have a bijection between frequency squares and un- 
ordered decompositions. 
G.E. Andrews, in a comment to [9], pointed out that Redfield’s enumeration theory 
(which anticipated Polya’s theory) was originally invented by MacMahon. 
Note added in proof. In G.L. Mullen and D. Purdy, Some date concerning the number 
of latin rectangles, J. Comb. Math. and Comb. Computing, to appear, it is verified by 
machine that the values of l,, n Q g as reported in DCnes and Keedwell [4, p. 1441 are 
indeed correct. 
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